Let X be a uniformly convex Banach space such that its dual X U has the Ä Ž . Kadec᎐Klee property, C a bounded closed convex subset of X, and T T s T t : t g w .4 0, ϱ a one-parameter nonlinear semigroup which is asymptotically nonexpansive in the intermediate sense. We show that every continuous almost orbit of T T is weakly almost convergent to a common fixed point of T T. A discrete version of our main result is also included. ᮊ
INTRODUCTION
This paper is devoted to a mean ergodic theorem for nonlinear semigroups and mappings which are asymptotically nonexpansive in the intermediate sense. The first results of this kind for nonexpansive semigroups w x Ž w x. were established by J.-B. Baillon and H. Brezis 3 see also 2 , N. Hirano w x w x w and W. Takahashi 14 , and S. Reich 24᎐26 . See also, 12, 13, 18, 20, 21, x w x 23, 27᎐29, 31, 32 , and especially the very nice survey by R. E. Bruck 8 .
w x An up-to-date bibliography can be found in 10 . Our main theorem Ž . Theorem 4.1 improves upon a result proved by J. Garcıa Falset and thé Ž w x. authors Theorem 4.5 in 10 for asymptotically nonexpansive semigroups of Lipschitzian mappings. We also include a new mean ergodic theorem Ž . w x for the discrete case Theorem 5.3 . The Zarantonello inequality 33 Ž w x. rediscovered by J.-B. Baillon in 1 and the ␥-method due to R. E. Bruck w x 6, 8 , are basic tools in the proofs of almost all mean ergodic theorems for asymptotically nonexpansive mappings. The main problem in the proofs of our results is that we cannot use this method directly because our operators are not Lipschitzian. To overcome this difficulty we need a long Ž . sequence of auxiliary lemmas and theorems see Section 3 . Only the first w x three lemmas are similar to those proved by H. Oka 22 for the iterates of a mapping which is asymptotically nonexpansive in the intermediate sense Ž w x. see also 15 .
PRELIMINARIES
Throughout this paper X is assumed to be a uniformly convex real Banach space, C a nonempty bounded closed convex subset of X, and T a mapping from C into itself. We denote by co M and by clco M the convex ŽÄ 4. hull and the closed convex hull of M ; X, respectively, and x w n stands for the set of all weak subsequential limits of a bounded sequence Ä 4 x in X. The closed ball centered at 0 g X and of radius r ) 0 is n denoted by B . We also put
w .4 Let T T s T t : t g 0, ϱ be a family of self-mappings of C. The family T T is said to be a nonlinear semigroup which is asymptotically nonexpansive in the intermediate sense if the following conditions are satisfied:
The notion of a mapping which is asymptotically nonexpansive in the w x intermediate sense was introduced in 9 .
Ž . The set of common fixed points of the semigroup T T is denoted by F T T . w . w x We say that a function u: 0, ϱ ª C is an almost orbit of T T 5 if lim sup u t q s y T t u s s 0.
Ä Ž .4 Let u denote the set of all weak subsequential limits of u t as
Ž .
For a given ⑀ ) 0, let ␦ ) 0 be taken from Lemma 3.1. There exists s 2, ⑀ 0 such that for s ) s and for an arbitrary t,
Ž . Ž . Ž .
and it is sufficient to apply the definition of an almost orbit and the fact that lim u s y f Ž . 
Ž . Ž . and since ⑀ ) 0 is arbitrary we see that
sªϱ which yields the claimed result.
To prove the next theorem we need the following lemma also. Ž .
Now we prove an inequality which will play a role similar to that of the Ž w x. ␥-inequality in the Bruck method see also Lemma 2.6 in 31 .
THEOREM 3.2. Let X be a uniformly con¨ex Banach space and T T a semigroup of self-mappings of a bounded closed con¨ex subset C of X which is asymptotically nonexpansi¨e in the intermediate sense. Suppose that u is a continuous almost orbit of T T. For any ⑀ ) 0 and t ) 0 there exists R
such that for all h G R , r G R , and t ) 0,
In particular, for each t ) 0 there exists r ) 0 such that
for all h, r G r . 
6 w x ␦. Let 0 s --иии -s t be a partition of 0, t with n G 2 and
Since the semigroup T T is assumed to be asymptotically nonexpansive in the intermediate sense, there exists R X such that Ž .
for r G R and 1 F i, j F n . It then follows that
for r G R and 0 -i, j F n . This in turn implies see Lemma 3.3ᎏnow
for r G R and h G R . Next, we have
for h G R X . Finally, we get
. for all h G R and r G R , where R s max R , R , R . To get the
second inequality it is sufficient to set r s R .
t tªϱ
Let us observe that in place of r we can take arbitrary r X G r .
t t t
The theorem just established allows us to prove the next four lemmas which are crucial in the proof of our main theorem. The common assumptions in this sequence of lemmas are as follows: X is a uniformly convex Banach space, C is a nonempty bounded closed convex subset of X, T T is a one-parameter semigroup of self-mappings of C which is asymptotically nonexpansive in the intermediate sense, u is a continuous almost orbit of Ä 4 T T, and r is the family of positive real numbers appearing in Theorem 
and the proof is complete.
For h ) 0 and any family r of real numbers such that
Proof. Indeed, we have
exists for e¨ery family r of real numbers such that r G r for t G 0.
t tt Žw x. Proof. We will apply once again the following identity 27 :
for t, p ) 0 and h G 0. Using this identity we see that 
Ž .
We choose t and ␦ as in Lemma 3.3. By ) and by our hypothesis
5
for all u,¨g C and
Hence there exists ␤ g ⌳ such that
. Now we can also take t ) 0. Let
there exists a sequence
Let C be a nonempty bounded subset of a uniformly convex Banach w x space X. Following Lorentz 19 , we say that a continuous function u: w . 0, ϱ ª C is weakly almost convergent to some element y g X if
THE DISCRETE CASE
In this section we present an analog of Theorem 4.1 for the case of a single mapping. First we recall a few definitions.
Let C be a nonempty subset of a Banach space X. If T : C ª C is continuous and Ž . If T is a self-mapping of C, then F T will always denote the set of fixed points of T.
Recall that if X is a uniformly convex Banach space and T is a self-mapping of a bounded closed convex subset C of X which is asymp-Ž . Žw x. totically nonexpansive in the intermediate sense, then F T / л 16 .
Ä 4 A sequence x in C is called an almost orbit of a mapping T : As an example we will present the proof of an analog of Theorem 3.2. First we recall two known lemmas. 
